High-precision stages are widely used for manufacturing semiconductors and flat panels. These high-precision stages have become multi-input multi-output (MIMO) systems with six-degrees-of-freedom (DOF); hence, the coupling between the translation and pitching motion deteriorates the control performance. This study proposes the multirate feedforward control for MIMO systems and applies it to these high-precision stages. The multirate feedforward control designs the stable inversion for the unstable discretization zero problem. In addition, the design of the MIMO multirate feedforward controllers has a degree of freedom to design the B matrix according to the selection of the generalized controllability indices. In conventional control methods such as precompensated decoupling controllers, it is theoretically impossible to achieve perfect tracking because unstable discretization zeros are generated. In this study, the proposed method is applied to the translation and pitching motion of a high-precision stage, and it achieves perfect tracking in the simulation. The effectiveness of the proposed method is verified experimentally.
Introduction
A high-precision scan stage is critical in manufacturing semiconductors and flat panels (1) . The circuit configuration of semiconductors and flat panels becomes finer exponentially annually (2) . The conventional high-precision stage is a one-degree-of-freedom (DOF) system mechanically constrained to move only one direction. Recently, to decrease the disturbance of vibration from the floor and friction from the mechanical restraint, the high-precision stage is a six-DOF (x, y, z, θ x , θ y , θ z ) system by the gravity canceller that compensates for the gravitational force experienced by the fine stage (1) . In the stage with six-DOF, the interference forces between the axes worsen the positioning accuracy of the stage. Many studies have been conducted on the decoupling. The precompensator for decoupling is typically used to apply the single-input single-output (SISO) controllers to the coupled multi-input multi-output (MIMO) system (1) . The MIMO feedback controller and the integrated design of the mechanism and the controller are also used for decoupling, e.g., using the Direct Nyquist Array method and changing the height of the actuation point virtually (3) . From the viewpoint of designing the feedforward controller, the controller is designed in the continuous-time domain and discretized in the conventional method. In this approach, the controller cannot achieve perfect tracking control (PTC) theoretically because of the discretized unstable zeros. The word "perfect tracking control (PTC)" is defined as "the plant output perfectly tracks the desired trajectory a) Correspondence to: Masahiro Mae. E-mail: mmae@ieee.org * The University of Tokyo 5-1-5, Kashiwanoha, Kashiwa, Chiba 227-8561, Japan with zero tracking error at every sampling point" (4) . In the proposed method, we use discretized plant models and design the controller in the discrete-time domain. Using this approach, PTC is achieved theoretically by considering the interference between axes using the MIMO multirate feedforward controller. The consideration of the input multiplicities in the digital control for the MIMO system is the important point.
In this study, the authors control a high-precision stage with six-DOF, as shown in Fig. 1(a) . The authors consider two-DOF of translation in the x axis direction and pitching around the y axis, as shown in Fig. 1(b) . The effectiveness of the proposed method is demonstrated by simulations and experiments.
Proposed Method

Multirate Feedforward for Single-Input SingleOutput System
Multirate feedforward control achieves PTC (6) . A digital tracking control system typically has two samplers for the reference signal r(t) and the output y(t), and one holder on the input u(t), as shown in Fig. 2 . Therefore, three time periods exist: T r , T y , and T u , representing the periods of r(t), y(t), and u(t), respectively, as shown in Fig. 3 . Additionally, the longer period of T r or T y is defined as the frame period T f . In the case of the SISO nth-order plant, T r = nT y = nT u = T f .
Consider the continuous-time nth-order plant described by the state equation (1) and the output equation (2) .
From the discretization of (1) in the sampling period T u , the discrete-time plant becomes the state equation (3) and output equation (4) .
where the matrices A s , b s , and c s are given by
By lifting the discrete-time state equation (3) and the output equation (4), the state equation (5) and the output equation (6) are given by
where the matrices A, B, and c, and i are given by
Equations (5) and (6) 
From (5), the control input u ff [i] to achieve PTC are given by
The block diagram of the control system is shown in Fig. 2 . L is a discrete-time lifting operator (5) . L −1 outputs the elements of the nth dimensional vector u ff [i], which is input at every period T r , in the order from 1 to n by T u = T r /n.
Multirate Feedforward for Multi-Input MultiOutput System
In an m-input p-output nth order MIMO system, the state equation (10) and the output equation (11) of the continuous-time plant are given bẏ
where the plant state is x ∈ R n , the plant input is u ∈ R m , and the plant output is u ∈ R p . The generalized controllability indices are defined as follows (7) : Definition (Generalized Controllability Indices). The generalized controllability indices of ( A c , B c ) are defined as follows for A c ∈ R n×n and
) is a controllable pair, n linearly independent vectors including the linear combination can be selected
Setting ϕ as a set of these n vectors, σ l and N are defined by
In the MIMO system, n (= plant order) number of vectors are selected from the generalized controllability indices, and the full row rank matrix B are designed for almost all sampling period of the discretization † . Therefore, the feedforward controllers designed according to their different forms.
From (15), the control input u ff [i] to achieve PTC are given by (16).
where the matrices A,
x[i], u[i], z and T f are given by
A = e A c T f , x[i] = x(iT f ), z = e sT f , T f = NT u , u[i] = u 1 [i] · · · u m [i] T = u 11 [i] · · · u 1σ 1 [i] u 21 [i] · · · u mσ m [i] T .
Modeling
In the simulation and experiment, the authors controlled the fine stage of the six-DOF high-precision stage shown in Fig. 1(a) . This fine stage is supported by a six-DOF air bearing gravity canceller. In this study, the two-DOF of the translation x along the x axis and the pitching θ y around the y axis are controlled, as shown in Fig. 1(b) .
System Identification
The equations of motion of the translation and pitching of the stage are given by (17) and (18) (8) .
Convert x g1 to observable x m by (19).
From the expressions (17), (18), and (19), the transfer functions g 11 to g 22 are given by (20) to (23).
The parameters of the stage are shown in Table 1 , which is given from fitting in the frequency domain, shown in Fig. 6 .
State Space Realization
) from the expressions (17), (18), and (19), (ẍ m ,θ y ) explained by (x m ,ẋ m , θ y ,θ y ) are given by (25) and (26).
x m =a 21 x m +a 22ẋm +a 23 θ y +a 24θy +b 21 f x +b 22 τ y · · · · · (25) θ y =a 41 x m +a 42ẋm +a 43 θ y +a 44θy +b 41 f x +b 42 τ y · · · · · · (26) † This is possible because the controllability of the continuous-time system is not preserved in the discrete system only if the two poles η i andη j have the same real parts, and the discretizing sampling period T satisfies The state equations (27) and output equations (28) of the continuous-time plant are given bẏ
where the vectors x(t), u(t), and y(t), and the matrices A c , B c , and C c are given by
By using the zero-order hold in the state equation (27) and the output equation (28) of the continuous-time plant with the sampling period T u , the state equation (29) and the output equation (30) of the discrete-time plant are given by
, and B s are given by
When constructing the square matrix B, the generalized controllability indices are given by
When the plant order is n = 4, four elements are chosen from the generalized controllability indices to construct the square matrix B. 
4. Experiment
Condition
The block diagram of the simulation is shown in Fig. 2 . Generally, a dual-input dual-output plant with a coupling problem is represented by a block diagram, as shown in Fig. 1(c) . g 11 to g 22 represent the transfer function of each path. Conventional method 1 ignores the interference by g 12 and g 21 and the multirate feedforward controllers are designed for each SISO system g 11 and g 22 , respectively, as shown in Fig. 4(a) . Coupling is suppressed by the feedback controller. Conventional method 2 designs a precompensator for continuous-time plants that cancels the interference between axes by g 12 and g 21 , and the multirate feedforward controllers are designed for each decoupled SISO system g 11 and g 22 , respectively, as shown in Fig. 4(b) . In this method, the precompensator is discretized by the bilinear transformation. Because the problem of the unstable discretization zero is not considered, PTC cannot be achieved, theoretically. In the proposed method, a dual-input dual-output multirate feedforward controller is designed for a dual-input dual-output plant, as shown in Fig. 4(c) .
In Fig. 6 , G 4 is used for the MIMO plant model of the proposed method, and G 2 is used for the SISO plant model of the conventional methods 1 and 2. The nominal plant g 12 and g 21 contain some gaps with the frequency response data because these four transfer functions, g 11 to g 22 , are correlated in this system and a trade off exists in the fitting. In this model, we focus on the fitting of the transfer function g 21 representing the coupling from the translational force f x along the x axis to the rotation θ y around the y axis to prevent pitching.
In the simulation, 
Simulation Result
In this study, the simulation of the proposed method, in which the generalized controllability indices can be selected in three ways, as shown in Fig. 5 , is conducted with the conventional method. 
The simulation result is shown in Fig. 7 to Fig. 11 . Fig. 12 and Fig. 13 show the tracking error of each output. From the simulation results, PTC cannot be achieved with the conventional method, but it can be achieved in all three cases of the proposed method. The effectiveness of the proposed method is verified. It is noteworthy that the second-order relative degree plant moves the second-order polynomial trajectory between the sampling points. Therefore, the errors occur between the sampling points because of the difference in the order between the second-order polynomial trajectory and the seventh-order polynomial trajectory. This is an error because of the physical model, and not a mechanical vibration.
Experimental Results
In the experiment, the proposed method of (σ 1 , σ 2 ) = (2, 2), conventional method 1, and conventional method 2 are compared under the same conditions as the simulation.
The experimental result is shown in Fig. 14 . From the experimental results, the tracking error of θ y in the proposed method is the smallest compared with that in the conventional methods. The tracking error of x m in the proposed method is not clearly smaller than that of other conventional methods, because we focus on the fitting of the transfer function g 21 representing the coupling from the translational force f x along the x axis to the rotation θ y around the y axis to prevent pitching in this model. Therefore, the modeling error of g 12 may worse the tracking error of x m . The coupling of the feedback controllers is also a problem. Because it is verified that the tracking error becomes smaller and the control performance improves in the simulation that has no modeling error, it appears that the modeling error influences the experiment. From the simulation and experimental results, the applicability of the proposed method is verified and the improvement in the modeling error will be future work.
Conclusion
The six-DOF high-precision stage has the coupling problem. In the conventional methods, decoupling methods such as using a precompensator have been employed, and the system was controlled as a SISO system. However, when the precompensator and SISO multirate feedforward controller were used, it was theoretically impossible to achieve PTC because the unstable zeros were generated by discretization.
In the proposed method, the MIMO multirate feedforward controller achieved PTC. In this study, the effectiveness of the proposed method was shown in the simulation and experiment of controlling two-DOF (x, θ y ) of the high-precision stage. The differences in the control performance depending on the selection of the generalized controllability indices will be considered in future studies. The proposed method loosened the restrictions of the mechanical design to suppress the coupling problem; therefore, the freedom of the mechanical design was improved. 
